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ABSTRACT 

This paper studies new classes of infinitely divisible distributions on Mf^. Firstly, the 
connecting classes with a continuous parameter between the Jurek class and the class 
of selfdecomposable distributions are revisited. Secondly, the range of the parameter is 
extended to construct new classes and characterization in terms of stochastic integrals 
with respect to Levy processes are given. Finally, the nested subclasses of those 
classes are discussed and characterized in two ways: One is by stochastic integral 
representations and another is in terms of Levy measures. 

1. Introduction 

Let J(M'^) be the class of all infinitely divisible distributions on Mf^ and Jiog(M'^) = 
{fi G : Jj^i^]^ log \x\fi{dx) < oo}. Let Ji{z), z G M'^, be the characteristic function 

of /i G /(M'^). 

In this paper, we first revisit the classes in /(M'^) connecting the class of selfdecom- 
posable distributions (L(M'^), say) and the Jurek class (the class of s-selfdecomposable 
distributions, ([/(M'^), say), see Jurek (1985)). Those connecting classes were already 
studied by O'Connor (1979) in /(M^) and by Jurek (1988) in 1{E), where E is a 
Banach space. Throughout this paper, we treat the case /(M'^). Although there are 
several equivalent definitions of //(M'^) and [/(M*^), we use here their definitions in 
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terms of Levy measures. Then we study more general classes including the classes 
above and nested subclasses of those classes. 

The Levy-Khintchine representation of Ji we use in this paper is 

Jliz) = exp|-2-i(2, A^) +2(7,^) + £^ (^e^<^'^> - 1 - ^^^^)}' 

where A is a nonnegative-definite symmetric d x d matrix, 7 G M"^ and u is the Levy 
measure satisfying i^({0}) = and A l)h'{dx) < 00. We call (A, 1^,7) the 

Levy-Khintchine triplet of fi and we write fi = fJ'{A,u,-y) when we want to emphasize 
the triplet. 

The polar decomposition of the Levy measure u of /i e I(R'^), with < u(R'^) < 
00, is the following: There exist a measure A on S* = {C, G M'' : |^| = 1} with 
< A(5') < 00 and a family {u^: ^ G 5} of measures on (0, cxd) such that i^^{B) is 
measurable in ^ for each B G i3((0, 00)), < ^'^((O, 00)) < 00 for each ^ G S* and 

(1.1) u{B) = / A(rfO / IsHMdr), B G i3(M'' \ {0}). 

Js Jo 

Here A and {u^} are uniquely determined by u up to multiplication of a measurable 
function c{C,) and respectively, with < c(^) < 00. We say that fi or u has the 
polar decomposition (A, i^^) and is called the radial component of u. (See, e.g., 
Barndorff-Nielsen et al. (2006), Lemma 2.1.) 

The connecting classes between U{M.'^) and L{M.'^) mentioned above are also char- 
acterized by mappings with a parameter from /(M"^) into /(M'^). We extend the range 
of the parameter and first study the classes defined by these mappings. These map- 
pings are the special cases studied in Sato (2006b) as will be mentioned later. 

We start with following classes, where the classes U (M'^) and L{M.'^) are two known 
special classes. 

Definition 1.1. (Class i^a(M'^)) Let a < 2. We say that /i G /(M'') belongs to the 
class Ka{M.'^) if z/ = or 7^ and, in case z/ 7^ 0, in (1.1) satisfies 

(1.2) u^{dr) = r^''^H^{r)dr, r > 0, 

where i^{r) is nonincreasing in r G (0, 00) for A-a.e. ^ and is measurable in ^ for each 
r > 0, and lim^-^oo ^5('^) = 0. 

Remark 1.2. (i) Because of the condition that \imr-,oo (^^{r) = 0, A'q,(M'^),0 < a < 2, 
does not include the class of a-stable distributions, but does include the class of 
(a -|- e)-stable distributions for any e G (0, 2 — a). It also includes tempering a-stable 
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distributions, which are defined by (1.2) with a completely monotone function £^{r) 
on (0,00) such that \imr->oi^{r) = 1 and linv_>oo = 0. (See Rosihski (2007).) 
(ii) Let u be the Levy measure of /i G /(M'^) and a > 0. Since J^^ \x\^fi{ds) < 00 if 
and only if Jj^:^! \x\^t^{dx) < 00, (see, e.g. Sato (1999) Theorem 25.3,) /i G Kai^'^) 
has the finite 5-moment for any < 6 < a. This fact is the same as for a-stable 
distributions. 

Remark 1.3. (i) The Jurek class ?7(M'^) is A'_i(M'^) and the class of selfdecomposable 
distributions L(M'^) is Ko(E.'^). 

(ii) Let a < p < 2. Then K^iR'^) C Ka{R'^). This is trivial from the definition. 

Therefore, Ka(M'^), -1 < a < 0, are connecting classes with a continuous param- 
eter a between the classes [/(M*^) and //(M'^), as mentioned in the beginning of this 
section. 

This paper is organized as follows. In Section 2, some known results related 
to the classes /^^(M'^) are mentioned. In Section 3, we give a complete proof for 
the decomposability of the distributions in i^„(M'^),a < 0. In Section 4, we define 
mappings a G M, in terms of stochastic integrals with respect to Levy processes 
related to the classes Ka{M.'^) and determine those domains and ranges. The proofs 
for the ranges are given in Section 5. In Section 6, we construct nested subclasses of 
the ranges of $a by iterating the mapping Then we firstly determine the domains 
D{^^~^^),m = 1, 2, 3, and secondly characterize the ranges of the mappings ^^"""^ 
in two ways: One is by stochastic integral representations and another is in terms of 
Levy measures. 

2. Known results 

In this section, we explain several results from O'Connor (1979) and Jurek (1988). 
1. (Characterization by the decomposability.) 

O'Connor (1979) defined the classes /^^(M^),— 1 < a < 0, as in Definition 1.1, 
and proved that fi G Ka{M.^) if and only if for any c G (0, 1) there exists fic G /(M^) 
such that 

(2.1) Ji{z) = ^{czY~"'jlc{z). 

His proof used Levy measures. However, his proof for getting the convexity of Levy 
density on (—00, 0) and the concavity on (0, 00) (in the proof of his Theorem 3 in 
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O'Connor (1979)) is not clear to the authors of this paper. So, we will give our proof 
in Section 3, extending the range of a to (—00, 0). 

Jurek (1988) defined the classes Ua{E), — 1 < a < 0, where E is a Banach space, 
as the classes of limiting distributions as follows, /i G Ua{E) if and only if there exists 
a sequence {fij} C I{E) such that 

(2.2) lim n"^(/ii*yU2*---*/i„)*''" =/i, 

n— >oo 

where {n-\fii * fi2 * ■ ■ ■ * finT'')iB) := {fi, * fi2 * ■ ■ ■ * finT'\nB) , B G B{E). He 
then showed the decomposability (12.11) as a consequence of (12.21) . So, as a result, we 
see that Ka{M.'^) = f/Q,(R'^), but there is no proof by using Levy measures in Jurek 
(1988). This is another reason why we will give our proof in Section 3. Our proof will 
use Levy measures in the same way as in the proof of Theorem 15.10 of Sato (1999) 
for selfdecomposability. 

2. (Characterization by the stochastic integrals with respect to Levy processes.) 

Let — 1 < a < 0. Jurek (1988) showed that fi G Ua{E) if and only if there exists 
a Levy process {Xt} on E such that 

(2.3) ii = c( C r^/'^dx^, 



where C{X) is the law of a random variable X. For the case a = 0, the following 
is known (Wolfe (1972) and others). yU G -ft'o(I^'^) if Ei-nd only if there exists a Levy 
process {Xt] on M'^ satisfying £'[log''' |^i|] < 00 such that 

li = c{ ! e~'dXt] . 



Remark 2.1. ( 12.31) can have a different form. Change the variables from t to s by 
if: = 1 + as. Then 

^l = C\- I (1 + as)-^/"rfXi+, 



If we define another Levy process {Xt} by Xg = —Xi^as, then we have 
[2A) /i = £ / (1 +as)-^/"rfX, 



( 12. 4p will be seen in Definition 4.1 with a < below and this expression is more 
natural when we consider the case a = as we will see in Remark 4.7 later. 
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3. Decomposability of distributions in Ka{R'^) 

As mentioned before, the classes U {Mf^) and L(M.'^) have characterizations in terms 
of characteristic functions. Namely, fi G [/(M*^) if and only if for any c G (0, 1), there 
exists fic{z) G /(M*^) such that 

/i(z) = ^{czy%{z), 

and /i G L{W^) if and only if for any c G (0, 1), there exists ^c{z) G /(M'^) such that 

As we announced in Section 2, we give our proof of characterization of KaiW'-) 
in a similar way as follows. 

Theorem 3.1. Let a < 0. /i G Ka{M.'^) if and only if for any c G (0, 1), there exists 
/ic G I{W^) such that 

fi{z) = ^{czY "^dz)- 



Proof. ("Only if " part.) It is enough to consider the case with A = O and 7 = 0. 
Suppose fi G KaiM'^) and the polar decomposition of the Levy measure of fj, is (A, z/j), 
with v^[dr) = r~°'~^i^{r)dr. Then we have 



JI{z) = exp 1/ X{dO f U-^-^^ - 1 - ^) ^Wdr 



Thus, 

fi{cz) 



exp { / m) I ( e^<--«) - 1 - 'Sh^\ -^kir)dr 



1 + / r 



=:/2(z)e'<^'->(p,(z))"\ 
where 



oo , , , . 
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and 

Pciz) = exp <; / A(rfO 



1 + J 

We have to check the finiteness of and that pc G /(M*^). 



Since i/ is a Levy measure, we have A((i^) /q^(^^ A l)h'^{dr) < oo, which imphes 

/ A(rfO / r-"+i£5(r)rfr < oo and / A(rfO / r~"~i£5(r)rfr < oo. 
Js Jo Js Jl 



Furthermore, this concludes 



x{dO 



1 



i + u^ 1 + {u/cy 

1 1 



(i + M^) 



1 + {cvY 1 + 



i^{u/c)du 
i^{v)dv 



1 1 + (cv) 



-i^{v)dv < oo. 



This shows the finiteness of Oc. 

With respect to Pc, since < c < 1 and £^ is nonincreasing, we have h^{u) := 
u~°'~^{i^{u)—i^{u/c)) > 0. Thus, i^p{B) = X{d^) Jq°° lB(r,^)/ig(r)(ir is a nonnegative 
measure. Furthermore, we have 



because X{d^) Jl^ir"^ A l)r~°'~^^g(r)(ir < oo. Therefore, Up is a Levy measure, and 
Pc G /(M'^) by the uniqueness of Levy-Khintchine representation. Thus, if we put 

Pc{z) = 'pc{z)e~^^^'""'\ we have 

p{z) = p{czY "pciz). 

"Only if part is now proved. 

("If part.) Conversely, suppose that p G /(M*^) satisfies that for any c G (0, 1), 
there exists Pc{z) G /(M'^) such that p{z) = p{czY "pciz). Since 

i{z, x) 



p{z) = exp|-2"-^(2, Az) + 2(7, z) + 
we have 

p{czy~" = exp\ -2~^c~°'{cz,Acz) +ic~"{'j,cz) + 



i{z,x) 



1 + \x\ 



1 - 



u[dx) 

i{cz, x) 
1 + IxP 



c °'iy{dx) 
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exp<; -2~\z, c'-'^Az) + z(c^-"7, z) 

+ I { e^-y^ - 1 - 



Since G /(R'^), /i(2;) 7^ for any z G M'^. Then we have 
where Ac = (1 — c^~°')A and 



Since /ic G I(W^), u'^{B) := iy{B) — c~"u[c~^B) is a Levy measure for any c G (0, 1). 
Recall that the polar decomposition of u is ^{3) = f^\{d^) lB{r^)iy^{dr). Then, 

Js Jo 
It remains to show that 

u^{dr) = r~'^~^i^{r)dr 

for some nonincreasing function £^ measurable in C, ■ For that, we consider a measure 
r"z/^((ir) on (0, cx)) and let 

POO 

Hi:{x) := / r'^u^idr). 

Here H^{x) is measurable in ^. We also put 

Hl{x) : = H^{x) -H^{x + logc) 

POO 

r°'i'^(dr) — / r°'iy^{dr) 



Since u^ldr) is a Levy measure, H^{x) is nonnegative and is nondecreasing for A— almost 
every C,- Moreover, H^{x) is convex on (—00, 00) as shown below. 

Let s G M, M > and c G (0, 1). Then + u) > and thus 

H^{s + u) - H^{s + M + logc) > H^{s) - H^{s + logc) > 0, 
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which is 

(3.1) H^{s + u) -H^is) > H^{s + u + logc) -H^{s + log c) > 0. 

Then is convex for A— almost every ^, as in Sato (1999) pp. 95-96. Furthermore, 
repeating the argument in p. 96 of Sato (1999) we can write 

H^{x) = I h^{t)dt, 

J —oo 

where h^{t) is some left-continuous nondecreasing function in u. Hence hx{t) is mea- 
surable in ^. Now put 

/—logX PCX) 
h^{t)dt = / h(^{—\ogr)r~^dr, 
-oo J X 

then, the definition of if, we have 

r"00 



/•OO /"OO 

/ r"iy^{dr) = / h^{—\ogr)r~^dr, 

J X J X 



which implies 

iy^{dr) = r~"~^/ig(— logr)dr. 
Since is nondecreasing, we have h^{— logr) is a nonincreasing function, and putting 
i^{r) = /i^(— logr), we complete the proof. □ 



4. Mappings defined by stochastic integrals related to Ka{M.'^) 

We are now going to study mappings defined by the stochastic integrals with 
respect to Levy processes related to KaiM'^)- 
Let a G M and 

/J x-'^-^dx, < n < 1, 
0, u> 1. 



Then, when a 7^ 0, 



and when a = 0, 



«-!(«"" -1), 0<M<1, 
0, U>1, 



eo{u) 



log n \ < n < 1, 
0, u>l. 

Let £:*(t) be the inverse function of £«(«), that is, t = ea{u) if and only if m = £:*(t). 
Note that 

[—a)~^, a < 0, 
00, a > 0. 
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Then, when a 7^ 0, 



and when a = 0, 



0, t>£a(0), 



£*(t) = e-\ t > 0. 

Let {Xi"^} be the Levy process on with the distribuiton ^ G I{W^) at t = L 
Definition 4.1. Let a e M. We define mappings : /(M*^) by 



where is the domain of the mapping 

Remark 4.2. Let —00 < /? < a < 00. As in Sato (2006b) write the mapping as 

where //3,a(s) is the inverse function of 

s = (r(a - / ~ 

Our mappings in this paper are special cases of ^p^a with [3 = a — 1. Sato 
(2006b) discussed the domains of $/3,o, but not the ranges of them, and commented 
that description of the range of ^p^a is to be made. Our concern here is their ranges, 
although not for general /9 < a, because our motivation of this study started with 
the classes K^{W^). 

Regarding the domains of we have the following result from Theorem 2.4 of 
Sato (2006b). 

Proposition 4.3. (Domains of $„) 
(z) When a < 0, S)($„) = I{W^). 
(m) When a = 0, ©($„) = /iog(ffi'^). 

[ill) When < a < 1, S)($a) = {^^ e : j^^ |x|Xc/x) < 00} =: /^(M'^). 

[iv) When a = l, D($i) = {yU G I{W^) : /j.^ \x\^i{dx) < 00, 

limy^^oo /i^^~^'^^ij^l>ta^'^('^a^) ex2sfo in M"^, j^^xijL{dx) = 0} =: Ji'(]R'^). 

(i;) W/ien 1 < a < 2, D($a) = {/x G /(M"^) : J^, |a;|Xcia;) < 00, J^aX^i{dx) = 0} 

=:/°(M^). 

(fi) VFTien a > 2, S)($a) = {^o}? where 60 is the distribution with the total mass at 
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0. 



Note that when a < 0, the interval of the integral is finite, so the stochastic integral 
exists for any fi G /(M"^) by a result in Sato (2006a). Because of (vi) above, we are 
only interested in the case a < 2. So, from now on, we assume that a < 2. 

Remark 4.4. O'Connor (1979) mentioned the definition of $„, — 1 < a < 2, and 
stated without proofs that D($a) = /a(IR^),0 < a < 1, and D($q) = /°(M^),1 < 
a < 2, but he did not mention the case a = 1. Actually, as we will see, the case 
a = 1 is the most difficult case to handle. 

Remark 4.5. (Ranges) We know 

<l>o(/iog(K'^)) = L{R'^) (Wolfe (1982) and others). 
In Jurek (1985), it is shown that 

But this is trivially the same as <l>_i(/(M'^)). 

In the following denote the mapped distribution by /I = $a(Ai) = T''{Av~t) with 
polar decomposition (A,//^). We want to prove 

Theorem 4.6. The ranges of the mapping $q, are, 

ii) when a < 0, $a(/(M'^)) = K^^iW^), 

(ii) when a = 0, <l'o(/iog(ffi'^)) = KoiR'^), 

{m) when < a < 1, $<,(/„ (M"')) = K^iR'^), 

(iv) when a = 1, $a(/r(ffi'^)) = 

{Jl e Ki{R'^) with v^{dr) = r^°'''^i^{r)dr such that 

lim^io Is ^dt Jg^\{d^) ■Y:^^dl^{r) exists in R"^ and equals 7}, 

{v) when 1 < a < 2, $«(/°(M'^)) = K^{R'^) r\ {Ji e I{R'^) such that J^^ xjl{dx) = 0}. 

Although (ii) is known, we have written it just for the completeness of the theo- 
rem. We give the proof of Theorem 4.7 in the next section. 

We end this section with mentioning the continuity of $Q,(/i) in a near from 
below for each fixed /i G /iog(M''). (The continuity in a G [—1,0) for fixed G /(M'^) 
is trivial.) 
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Remark 4.7. Now, let a tend to from below. As to the interval of the integral, we 
have 

/ ^ as a t 

Jo Jo 
and as to the integrand, we have 

(1 + e"* as a t 0. 

So, the question is whether limafo = '^'ol/^). A* ^ -^iog(K'^), holds or not. But, this 

is true, if we apply the dominated convergence theorem to the cumulants of $Q(/i). 

This remark explains why our expression (12. 4p is more natural, when we consider 
the case a = as mentioned in Remark 2.1. 

5. Proof of Theorem 4.6 

Suppose /i = /i(yi,!^,7) G S}($Q,),— oo < a < 2. Then the mapped distribution 
Jl = <l>c,(/i) = Ii'(^am^^) satisfies 

(5.1) A = {2-a)-^A, 

(5.2) u{B) = [ u{s-^B)s~''~^ds, 

Jo 

(5.3) ^ = lim [ i-'it (, - I . - 

The derivation of A is that 

A = [j^^^ ^{^fd^ Ui ^^^^"^*'') ^ = (2 - ")"^^- 
(5.2) is shown as follows. By using Proposition 2.6 of Sato (2006b), we have 

V{B) = dt lB{xel{t))v{dx) 



1 

{—dea{s)) I lB{xs)v{dx) 







Is" ^ds / ls-iB{x)u{dx) 
Jo Jr'^ 



1 

u(s-^B)s-''-^ds. 
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Similarly, by the change of variables t — > ^ai^) obtain two representations for 7. 
We sometimes use the zero mean condition, 



(5.4) 7 = - / jff-T^Hdx). 

We need the following lemma. Denote 

, * / 1 if < X < 1, 
log X := < , .r 1 
1 logx it X > 1. 

Lemma 5.1. Let —00 < a < 2 and let u be a Levy measure. Then there exists a 
Levy measure v satisfying (5.2) such that 

{/jg^dxp A l)iy{dx) < 00, when a < 0, 

/iRdd^P A 1) log* \x\iy{dx) < 00, when a = 0, 
/jjd(|a;p A \x\°')u{dx) < 00, when < a <2 

if and only if v is represented as 

(5.6) V{B) = / A(rfO / lB{uOu-'"^i^iu)du, B E i3(M'^), 

Js Jo 

where X is a measure on S and i^{u) is a function measurable in ^ and for A-a.e. ^. 
nonincreasing in u E (0, 00), not identically zero and limu^oo i^{u) = 0. 

This lemma follows from similar arguments as those used in Lemma 4.4 in Sato 
(2006b). 

Proof of Lemma \5.1[ We first show the "only if" part. Assume that the Levy measure 
V satisfies (5.2) and (15.51) . The polar decomposition gives us 

(5.7) / X{dC) / (r^ A l)yi,{dr) < 00, when a < 
Js Jo 

(5.8) / A(dO / (r^ A r")z/5(c/r) < 00, when a > 0. 
Js Jo 

Then we have for B G i3(M^) 

u(B) = I u{s~^B)s~''~^ds 
Jo 

p1 p poo 

= / / XidO / iy^idr)h-.BirOs~''"'ds 
Jo Js Jo 

POO i*r 

X{di) / r^v^idr) / lij«)u-"-Vu 
Jo Jo 

roc ^ 

A(dO / lB{Ou-''-^^i:{u)du, 
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where 



oo 



(5.9) i^{u) = / r"z/g(rfr). 

J u 

Therefore ^^(m) is measurable in ^, and for A-a.e. ^. nonincreasing in m, and hm„^oo ^iiu) 
from ([52D and 

Conversely, suppose that v satisfies fl5.6l) . Let l^{u+) be the right-continuous 
function defined by limf|^j£^(t) = l^{u+). Then since —l^{u+) is a right-continuous 
increasing function, there exists a Lebesgue-Stieltjes measure on (0, oo) satisfying 

and put 

zy^(rfr) = r-"Q^{dr). 

Furthermore, define 

v{B)= [ X{dO riBHMdr). 
Js Jo 

Let A = A. Then for the case a < we have 

D /• /"OO 

A l)z/(rfx) = / A(dO / (r^ A l)z/5(rfr) 



s 



Since i/ is a Levy measure, we have fg\{d^) j^ir"^ A l)r " ^£^(r+)(ir < oo. Note 
that 

< / \{di) / r^~''li.{r+)dr = / \{di) / r^"" / Q^{dx)dr 

Js Jo Js Jo Jr 

POO ^ pxAl 

= (2-a)-i /" A(dO / x2-"g5(dx) + (2-a)-i [ A(rf0^c(l+) < oo 
is io is 

and 



< / X{dO I r-''-^i^{r+)dr = / A(c/0 / ^"""^ / g5(rfx)rfr 

is Jl Jr 

= / Kdi) / ^^(t^a;) / r-"-Mr 
is ii ii 



a~^y A(rfO y (1 -x^")gg(dx) 

a"^ / A(rf0^c(l+) - ""^ / ^(^^0 / x-"" Q i.{dx) < oo. 
Js Js Jl 
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From the first inequality, X{d^)£^{l+) > is finite and we see that 

< / A(rfO / x'^-''Q^{dx) <oo and < / X{d^) / x"''Q^{dx) < oo, 
Js Jo Js Jl 

which imply (I5.5p . For the remaining cases a = and < a < 2, similar logic as in 

the case a < works and we concludes (15.51) . □ 

Proof of Theorem 4- 6- As in Sato (2006a), we use the notation for the class of 
nonnegative bounded continuous functions on M.'^ vanishing on a neighborhood of the 
origin. 

(i), (ii) and (iii) (— oo < a < 1) 

Suppose that Jl G <I>q,(2)(<I>q)) and Jl = $Q,(/i),/i = fi(A,u,'y)- When z/ 7^ 0, since 
/X e D($a), dEi) holds by Lemma ED so that Jl G i^a(M'^). 

Conversely, suppose Jl = Jlf^Xv^) ^ If is Gaussian then putting A = 

(2 — a) A, z/ = 0, and 7 = (1 — 0)7, we have fi = fJ'{A,u,'y) ^ S}($q,) and Jl = $a(yu). If 
Jl is non-Gaussian, then we have (15. 5p by Lemma [5.11 We put A = (2 — a) A and 

^ = - "> ^ 1°'°' L ' (ttW - rTkk^) ''<''^' 

Although the parametrization of a is different, the argument similar to the proof of 
(2.35) in Sato (2006b) works and it follows from (15. 5p that 

r-ec(O) 



el{t)dt / \x 



1 



^{dx) < 00. 



|xp 1 + \e*^{t)x\ 

Thus fi = fi(A,fia) ^ '^(^a) and $a(/i) = Z^- 
(iv) (a = 1) 

Suppose that /I = J1(a,u,^) = ^il^) ^ $i(S)($i)) and jj, = H{a,u,j) G S)($i)- First 
assume that Jl is Gaussian. Then for given (p E C^, = J^a^isx)s~'^iy{dx)ds, 
which implies = Jj^a <{}{sx)v{dx) a.e. Since by the dominated convergence theo- 
rem Jjjd </)(sx)z/((ix) is continuous in s, letting s = 1, we have u = 0. Furthermore, 
from Proposition 4.3 (iv) with (15. 4p 7 = and hence 7 = 0. When Jl is non-Gaussian, 
u satisfies (15. 5p with a = 1, and (15. 3p and (15. 4p imply that 

1 p I 12 



exists in M"' and equals 7. Thus, /I G i^i(M'^) n {/i G /(M"') such that 
-lim,|o/, tdtj^^ Y^|f|^i^((ix) exists in R"'}. 
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We show the converse. Suppose fi = fJ'(^Xu^) ^ Ki{R^) fl {/i G /(M*^) such that 
— hiiieio Is ^d't /iRd ^('^•^) exists in M"^}. If Jl is centered Gaussian, then Jl e 

$i(2)($i)) from Proposition 4.3. If Jl is non-Gaussian and satisfies (15. 6p and f lS.lOp . 
then by Lemma 15.11 a measure u exists and satisfies (15. 2p and (15. 5p with a = 1. 

I i2 - — ' 

Let 7 = — /jjd and A = A. It follows from the existence of (15.100 and 

i|xl>i \^W{dx) < oo that 



lim / t ^dt / xu{dx) < oo 
T^°°Ju, J\x\>t 



to J\x\>t 



as in the proof of Theorem 2.8 of Sato (2006b). Thus yU G ©(^i). Furthermore (I5.10p 
implies 



1 1 



which equals the right-hand side of (15.31) . Therefore $i(/i) = Jl and Jl G <l'i(S)($i)). 

(v) (1 < a < 2) 

Assume that Jl = $Q,(yu) with some /i = fi{A,u,'y) ^ 5}($cj). The Gaussian case is 
the same as that of the proof for (ii). If Jl is non-Gaussian, then it follows from 
Lemma l5.ll that there exists u satisfying (15. 6p . Since fi G !I)($q),z/ and 7 satisfy 
i|a,'|>i \^\°'^{d'X) < 00 and (15.40 . respectively. Then as in the proof of Theorem 2.4 (iii) 
of Sato (2006b), 7 exists and equals to 



x\ 


\e 


ait)x\'- 


2 


1 + 




: 2 



x\ 


\x 


2 


1 + 1 


x\ 


2 



(5-11) 7 = -/ cm I ^^!77IT3^Krf^) = - / ^^^W, 

which is 

(5.12) / xjl{dx) = 0. 



Hence Jl G i^alK'^) H {/i G /(M*^) : /jg^ x/i(da;) = 0}. 

We show the converse. Suppose Jl = Jl/^^u^) ^ Ka(M.'^)r{{fi G I{M.'^) : J^^ x^{dx) = 
0}. The Gaussian case is obvious. Suppose Jl be non-Gaussian. Due to Lemma [5. II a 
measure u with i^({0}) = exists and satisfies (15. 2p and (15. 5p . It follows from (15. 2p 
that 

.u[dx) = [ t^-'^dt [ — ^^^]——u{dx) 





\x\ 


3 


1 + 


\x\ 


2 



< / \xfu{dx) [ t^-"dt+ [ \x\^u{dx) /" ^' ^^-''dt 

\x\<l Jo J\x\>l Jo 

+ [ \x\iy{dx) [ t-"dt 

J\x\>l 
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J\x\<l J\x\>l 

+ {\x\-\x\")u{dx) <oo. 

J\x\>l 

Hence we have J^^|>]^ |x|z/(c/x) < oo which is equivalent to J^^ \x\]l{dx) < oo and flS.lip 
holds. Let 7 = — J^d il^\l.\i '^{dx), A = {2 — a) A and /i = fi(A,u,'y)- Then yU G D($q) 
by Proposition 4.4 (v). Further 

which equals 7. Hence (15.31) is true and $a(/i) = /I, namely Jl G <I>o,(2)($q,)). □ 



6. Nested subclasses of <I>q,(D($q,)) 

$Q,-mapping allows us to construct nested subclasses of $a(S)($Q,)) denoted by 
m = 1,2,.... This is the topic in this section. We will see the domains 
©(^J^"*"^) in subsection 16.11 and characterize the ranges $™"'"^(S)(<I>™"'"^)) by both sto- 
chastic integral representations and the Levy-Khintchine triplet, which are respec- 
tively given in subsections 16.21 and 16. 3[ 

6.1. Domains of ^^"""^ 

Theorem 6.1. Let m = 1, 2, ... 

(i) When a<0, S)(<l'™+^) = /(M^). 
[a) When a = 0, 

= e /(R'^) : j (log \x\r+^fi{dx) < cx)| =: (M'^). 
{in) When < a < 1, 

= 1^ e liR") : \xr{\og\x\r fi{dx) < ooj =: W"(M"). 
(iv) When a = 1, 

2)($'|"+^) = |/i e /(R'^) : [ |x| (log|x|)"'/i(c/x) < 00, / xfi{dx) = 0, 
lim / r^dt [ x(log(|x|/t))™z/(dx) exzsfo znM^ =: /*i ,„(M'^). 
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(f) When 1 < a <2, 

= j/i G /(M'^) : [ |x|"(log|x|)™/i(c/x) < oo, [ = 



Proof of Theorem 6.1. Since when a < 0, the integral for is not improper 

integral, it is easy to see that = /(M°'), (see Sato (2006a)). When a = 0, 

Jurek (1985) determined D($™+^) as above. 

We are now going to prove (iii), (iv) and (v). First, note that 



(6.1) 



/ u~^{\ogux)'^du = (m + l)~i(logx)™+^ for m > 0. 

Jl/x 



Now, Theorem l6.1l (iii). (iv) and (v) are true for m = as seen in Proposition 4.3 (iii), 
(iv) and (v). Suppose that it is true for some m > 0, as the induction hypothesis. 
Suppose < « < 1. Then 



J\x\>l 



'lxl>l 

where v is the Levy measure of /I = $a(yu)}. 



Recall from (5.2) that 

D{B) = I u{s-^B)s~"~^ds. 
Jo 



Thus, 



X- >1 



\x\''(\og\x\)"'u{dx) 

|x|"(log|x|)"* / u{s-^dx)s-''-^ds 



x\>l 

s-^'-^ds [ \x\" {log \x\y''iy{s-^dx) 

J\x\>l 

\yru{dy) f s-\\og\sy\rds. 
?/l>i -'i/lyl 



Then by fl61|l . 
if and only if 



|x|"(log |x|)"'i/((ix) < oo 



|x|>l 



I |x|"(log|x|)"*+V(rfx) < oo, 

J\x\>l 

and we conclude that S)($^+2) = w-+i(M'^). 
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When 1 < a < 2, there is no problem for the moment condition, and the condi- 
tion, J^^xnidx) = 0, always holds. Thus we get 2)(<l>™+2) = jo (M^). 

Finally we prove (iv). So, suppose a = 1. Also suppose it is true for some m > 0. 
We have 

= {/i G : [ |x| (log|x|)"'i:^(dx) < oo, [ xfi{dx) = 0, 

J\x\>l JR'i 



(6.2) lim / f-'^dt I x{\og{\x\t-^))"^v{dx) exists in 

J\x\>t 

where v is the Levy measure of $i(/i)}. 



Since the moment condition can be given by the same way as for the case 1 < a < 2, 
in order to reach the conclusion, it remains to show that 

(6.3) lim I r^dt I x{\og{\x\r^)T+^v{dx) exists in R"^. 

J\x\>t 

We have 

y{\og{\y\t-')rV{dy) 

y\>t 

y{\og{\y\r')r [ y{s~Hy)s~Hs 



\y\>t Jo 

s"^ds [ x(log(|sx|r^))™z/(rfx) 

J\sx\>t 

xh'{dx) / s~^{\og{s\x\t~~^))'^ds 

\x\>t Jt/\x\ 



= (m + 1)"^ ! x{\og{\x\t-^))'^+^v{dx). 

J\x\>t 

Hence (16. 2 p is equivalent to (16. 3p . This completes the proof. □ 
6.2. Characterizations of <I>™+^(I)($™+^)) by stochastic integral 

REPRESENTATIONS 



Theorem 6.2. Let a < 2 and 

^{0,1] 



g^As) = (m!)-^.-"-^(log.-^)™l(o,i](5) 



J^ga,m{s)ds, < n < 1, 

0, M > 1, 
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and let ^(t) be the inverse function of Ea^mix) such that t = ea,m{u) if and only if 
u = Then Jl e <l'^+^(2)(<l'™+^)) if and only if 



e:,Jt)dxi''^ j , for some /i G D($r'), 

where when a < 0, €a,miO) = {—a)~^"^~^^^ and when < a < 2, ea,m{0) = oo. 

Remark 6.3. When a < 0, £a,miO) = (—a)"^"^'^^^ above is shown as follows. 

^a,m(0)=/ gaA^)ds = (ml)-' e^^^rft = (-«)-("^+^). 
Jo Jo 

Remark 6.4. The following are known. 

(1) (Jurek (2004).) When a = -1, /I e <I>!^+^(S)($"+^)) if and only if 

Ji = c(^j^ T:;^{t)dX[^^^ for some /i e I{W^), 

where Tm{u) = g^i^m{s)ds, < n < 1 and r^(t) is its inverse. However, by changing 
variable t to 1 — t, we see that 

(2) (Jurek (1983).) When a = 0, 

(6.5) 4™(t) = e-«-+^)'*)^'"^^^"\ 

In our setting, we can get (6.4) as follows. By a standard calculation, we see that 

and thus (6.4) is given by taking the inverse function of t = £:o,m(^)- 

We now prove Theorem 6.2. 
Proof of Theorem 6.2. ("Only if part.) Let fl e $^+HS5($a "^^)). Then ft = 
for some fi G 2)($J^~^^). We regard as a mapping from a Levy measure to a Levy 
measure. Namely, 

$«(z/)(5) :=i/$^(^)(5)= / u^{s-'B)s~''-'ds, 

Jo 

where t'^ is the Levy measure of /i G /(M*^). We first show, for each Levy measure i', 

(6.6) $:J*+^(z/)(5) = (m!)-i / iy{s-^B)s-''-\\ogs-^rds 

Jo 



/ u{s ^B)go,^rn{s)ds, m>l. 
Jo 
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We have 



1 



1 .1 

JQ 

[ v{u~^B)u~''~^du I s^^ds 

Jo Ju 



v{u ^B)go,,i{u)du. 
Thus (6.3) is true for m = 1. Next suppose 

$™(zy)(5) = ((m- 1)!)-^ / u{s-^B)s-''-\\ogs~^y'-^ds. 

Jo 



Then, 



io 



((m-l)!)-i / / z/((Ms)-i5)M-"-^(logM-^)"^-'rfM 

Jo Jo 

((m-1)!)-^/" u-''-\\ogu-^r-^du ! iy{t-^B){t/u)-"-\u-^)dt 
Jo Jo 

((m-1)!)-^/" u{t-^B)t-''-^dt [ u-\logu-^)'^-^du 
Jo Jt 

{m\y^ [ u{t-^B)t-''-\\ogt-^)"'dt 
Jo 

1 

iyir'B)ga,mii)dt. 







y4 of fJ'{A,u,"/) is determined by A defined in (16. 7p . Regarding 7, when a < 1, it is given 
by 7 in (16.91) since t~"([ogt~^)^dt is integrable. (Here, (6.7) and (6.9) will be given 
in the next section.) When 1 < a < 2, from zero mean condition of 1D($™"^^), we 
have 7 = — /jjd Y^^u^dx). Hence Ji has the representation (6.4). 

In general, (see, e.g. the equation (1.8) of Barndorff-Nielsen and Maejima (2008)), 

if 



poo 

u{B) = / u{s-^B)g{s)ds, 
Jo 
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for some nonnegative integrable function g{u) assuring the convergence of the integral, 
then Jl e /(M'^) with the Levy measure u satisfies 



where s*(t) is the inverse function of e{x) = g{s)ds and {Xt} is a Levy process 
with its Levy measure u. This is (6.4). 
("If part.) Let 

/I = £ ( y e*^^^{t)dXf' j for some /i G D($"^^). 



Then 



r£a,m{0) POO 

uji{B) = dt lB{xel^^^{t))iy^{dx) 

Jo Jo 



dea,miu)) / lBixu)u^{dx) 



ga,m{u)du / lu-i B{x)iyi^{dx) 
Jo 

u{u'^B)ga,m{u)du, 

where when a < 0, eQ-,m(0) = (— a;)"^™''"^^ and when < a < 2, ea^m{^) = oo. A and 
7 are given respectively by (16. 7p and (16.91) . Thus, Ji G $™"'"^(D($^+^)). The proof is 
completed. □ 

6.3. Characterizations of $™+^(S)($™+^)) by the Levy-Khintchine 

TRIPLET 

We consider the range $^"'"^(S)($™"'"^)) for m = 1,2, .. . Let — oo < a < 2 and 
suppose /i = fJ'{A,u,'y) £ S($™"'~^). Then the mapped distribution ]1 = $™+^(/i) = 
I^{Am,^) satisfies 

(6.7) 1= (2-a)-('"+^M, 

(6.8) V{B) = {m\y^ f z/(s"^5)s"""i(logs~^)™cis, 

Jo 

(6.9) 
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For A, we used 



lim / e* (s)(is(7 — [ x(- — \—r7; — - \ — ^ , . ,0 I i^idx) 



/ el^{tfdt= / s'deo.,,n{s) = (ml)-' s'"'' {log s'Tds = {2 - a)-^^+'\ 

Jo Ji Jo 

For 7, we use the same calculation as that for $q (2) ($„)). 

Theorem 6.5. Let -00 < «< 2 and m = 1,2, .. . Then Jl E if and 

only if one of the following conditions depending on a is satisfied, 
(i) {-00 < a < 1) 

Jl is Gaussian, orjl is non- Gaussian and 

(6.10) V{B)= \{di) lB{ui)u-''-^hf\u)du, BeB{W^). 

Js Jo 

Here X is a measure on S and h^^^ (u) is a measurable function in ^ such that satisfies 

(6.11) h^p\u) = ((m - 1)!)-^ / x-^ {log{x /u)r-^i^{x)dx 

J u 

where i^{u) is a function measurable in ^ and for A — a.e.^. nonincreasing in u & 
(0,00) , not identically zero anc? lim^^oo ^^(w) = 0. 
{ii) (a = 1) 

Ji is centered Gaussian, orjl is non- Gaussian andjl satisfies ( \6.10i} . (\6.11\\ and 



(6.12) -lim / t [log t-^)"" dt [ - 



x\ 


a: 


2 


1 + 


t2 


\x\ 


2 



^{dx) 

exists in and equals 7. Here the measure v satisfying fl 6. 8^ . 
(Hi) (1 < a < 2) 

Jl is centered Gaussian, orjl is non-Gaussian andv has expression fl 6.1U^ . fl 6'. 1 l\i and 

(6.13) / xjl{dx) = 0. 

Jw 

As seen in the proof of Lemma [6.61 the function i^{x) is given by 

i^(x) = / r^u^idr). 



where is the radial component of the Levy measure z/ of /i G S}($™"^^). 

A function f{t) defined for t > is called m-times monotone where m is an 
integer, m > 2, if (— l)*^/*^'^)(t) is nonnegative, nonincreasing and convex for t > 0, 
and for k = 0,1,2, ...,m — 2. When m = 1, f{t) will simply be nonnegative and 
nonincreasing. 



22 



Note that hf^^ (u) is m-times monotone. In order to see this, we have only to 
differentiate it in the following way. 

l^'^'> —si M))'"-^ I < 0. 

-| POO 1 POO 

+ - / r^r^ (log(x/s))"-^ dx / rV5(rfr) > 0. 

■5 Js ["^ o).X 

The differentiation continues to m — 1 times, but {d/ds)"^~^h^^\s) includes the term 

(-s)^-™ / x~^dx / r^i^^idr) 

J S J X 

and hence {d/ds)"^h^^^\s) includes the term 

r"iy^{dr). 



Then since we have no information about absolute continuity of the measure v^{dr) 
and differentiability of r^'u^^dr) can not be guaranteed, we can not assert any 
stronger results for h^^\s) other than m-times differentiability. 

We need the following Lemma and here we use the same notations as before. This 
lemma follows from similar arguments as those used in Lemma 4.4 in Sato (2006b). 

Lemma 6.6. Let — oo < a < 2 and m = 1, 2, . . and let u be a Levy measure. Then 
there exists a Levy measure v satisfying (6.8) such that 

{/jgddxp A l)iy{dx) < oo, when a < 0, 

J^Mx? A l)(log* |x|)'"+V(rfa;) < oo, when a = 0, 
/iRd(|a;p A |x|")(log* IxD'^u^dx) < oo, when <a <2 

if and only if u is represented as fl 6.1(^ . 

Proof of Lemma \6.(K We first prove the only if part. Assume that the Levy measure 
u satisfy (16. 8p and (16.141) . The polar decomposition gives 

{JgX{d^) /o°°(r^ A l)iy^{dr) < oo, when a < 0, 
Is /o°°(^^ A l)(log* r)"'+^u^{dr) < oo, when a = 0, 
Is KdO /o°°(^^ A r°)(log* r)'^u^{dr) < oo, when a > 0. 

Then we have for B e BiW^) 



u{B) = (m!)-^ [ t-'"^u{t-^B){\ogt-^)"'dt 
Jo 
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p1 p poo 

Jo Js Jo 

oo 



is Jo Jo 



[ m) r lB{sOs-''-'hl^is)ds, 
Js Jo 



where 



hf'\s) = {m\y' / (log(r/s))"^r"z/5(dr) 

J S 

poo pr 

= ((m-l)!)-W r'^i^^idr) x-\log{x / s))""-^ dx 

J S J S 

poo poo 

= ((m-l)!)-W x-\\og{x/s))"'-^dx r'^u^idr) 

J S J X 

POO ^ 

=: ((m - 1)!)"^ / x-\\og{x/s)r-^i^{x)dx. 



Here i^{u) is measurable in ^ and for A — a.e.^. nonincreasing in m G (0, oo), and 
liiaiu-^oo = from fl6.15p . 

Conversely, suppose that u satisfies ( 16.81) . We consider the case — oo < a < 0. 
Then since h^^\r) is a continuous decreasing function, we can define a Lebesgue- 
Stieltjes measure on (0, oo) satisfying _R^((r, s]) = —h^^\s) + h^^\r) and put 
^^{dr) = r~'^R^{dr). Furthermore define 



v{B) = / \{dr) / lB{ri)vi{dr). 
Js Jo 



Here the same logic as in the proof of Lemma [5.11 holds and we see that fl6.14p . 

In the following, similar to the proof of Lemma \b.l\ we put R£_{[r, oo)) = l^{r+) 
and v^{dr) = r~°'R^{dr). Furthermore define 

v{B) = / \{di) / lB{ri)v^{dr). 
Js Jo 

Then for the case a = 0, let A = A, and we have 
(|xpAl)(log*|x|)"^+V(dx) 



oo 

X{dO I (r^ Al)(log*r)"^+Vg(dr) 

5 Jo 

j^X{dO r%{dr) + {log* rr+%{dr)^ 
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oo. 



Since is a Levy measure, it follows that 

J S Jo Jr 

Then a simple calculation gives 

0<((m-l)!)-M rdr x-\\og{x / r))"^-^ dx R^{dy) 

Jo Jr Jx 

= ((m-l)!)-M rdr Ri^idy) x-\\og{x / r))""-^ dx 



JO 

1 POO 



(m!)-i / rdr / (log(2//r))™i?^(rfy) 



Jr 

1 _ ry 



{m\y^ / R^{dy) / r{\og{y/r))"'dr 
Jo Jo 



/oo pi 
R^{dy) J r{\og{y/r))"'dr < oo. 



Since the last two integrals are positive and 

(m!)-^ / R^{dy) f\{\og{y /r))'^dr 

1 pI 



Jo 
- im 



[ ti\ogt~'rdt [ y'R^idy), 
Jo Jo 

the finiteness of Jg X{d^) J^r'^R^{dr) is shown. Next we see that 

POO POO POO 

0<((m-l)!)-W r-^dr x-\\og{x/r))"'-^dx R^{dy) 



X 



((m-l)!)-^y r-^dr j R^{dy) x-\\og{x / r))'^-Ux 

/OO noo 
r-'dr [{\og{x /r))'^]lR^{dy) 

R^{dy) j r-\\og{y/r))'^dr 

/oo ^ 
(iogyr+ii?^(rfy)<oo. 



Hence, we have f l6.14p . 

When < a < 2, let A = A and we have 



oo 

2 



A |a;|")(log* \x\Y'v{dx) 



\{di) \ (r' Ar")(log*r)"^z/5(rfr) 
s Jo 
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oo 

2 A „a\ 



A(rfO / (r' A r") (log* r)™r-"i?5(cir) 

5 Jo 

j Kdi)(^j^ r^^'^R^idr) + {log* r)'^R^{dr] 



Since is a Levy measure. We have 

poo roc ^ 

'S Jo Jr 

Thus 

n\ roQ poo 

0<((m-l)!)'M r^-"dr x-\log{x/r))"'-^dx R^{dy) 

Jo Jr Jx 

pi noo _ py 

= ((m-l)!)-W r^-^dr Ri{dy) x-^ {\og{x / r))"^-^ dx 

Jo Jr Jr 

= (m!)-^ f R^{dy) T r^~°(log(y/r))"*dr 
Jo Jo 

/oo pi 
R^{dy) J ri""(log(?//r))'^rfr < oo. 



The first term in the right-hand side equals 

(m! 



f y'-'^R^idy) [ t'-'^ihgt-Tdt. 
Jo Jo 



Furthermore, 



oo 



< ((m- / r^^-^dr x~\\og{x/r))"'-H^{x)dx 

POO noo POO 

((m-l)!)-W r-°-Mr / x-\hg{x/r))"'-^dx R^{dy) 

Jl Jr Jx 

poo poo py 

((m-1)!)-^ / r-°-irfr / R^{dy) I x-^ {\og{x / r))""-^ dx 



J 1 J T J r 

i^oo roo 

{m\Y^ I r-'^-^dr / {\og{y / r))"^ R^{dy) 

L Jr 
'•oo py 

(m!)-i / R^{dy) / r"""^(log(y/r))"^rfr < oo. 



Here with the integral by parts formula 

(m!)-i r r-"-^i\og{y/r)Y'dr 



is a linear combination of (logy)'^, k = 0,...,m, and the coefficient of (logy)*" is 
positive. Thus, fl6.14p holds. □ 

Proof of Theorem \6.5l 
(i) (-00 < a < 1) 
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Assume that Jl G The Gaussian case is obvious. When Jl is non- 

Gaussian, then from Lemma [6.61 there exists u satisfying (16.101) and (16.111) . 

We see the converse. If Jl is Gaussian, then putting A = (2 — a)"^A, 1^ = and 
7 = (1 - we have /i = /i(A,.,-,) E and Jl = 

If Jl is non-Gaussian, then (I6.10p and (16. lip give the measure i> in Lemma 16.61 
We put A= {2- a)""! and 

. = (1 - ar (7 + (m!)- / .-"(iog.-T<;^ I X - yt]^) ^(d.: 

The existence of 7 is proved as follows. Let ci and C2 be some positive constants. 
Then 

1 1 



1 

s-"(logs-i)"^ds 



ly(dx) 



1 -|- 

< / {log s-'rds{ I , , , „ 



1 

l\m. 





a; 


3 


(1 + 




2)(1 + S2 







+Ci / |x|z/((ix) + C2 / s ^^{dx) 

i|x|>l,|sa;|<l i|x|>l,|sx|>l 

s-"(logs-i)™rfs [ \x\^u{dx) 

J\x\<l 

l/\x\ 



+ ci / \x\u{dx) / s-"(logs"^)™rfs 

J\x\>l Jo 

+ C2 [ \x\~^u{dx) [ S~"~2(logS^l)"^ds. 
-'|x|>l Jl/\x\ 



Here by the integral by parts formula, J^^^^^ s~" (log s~^)"^ds is shown to be con- 
structed by a linear combination of |x|°~^(log |x|)^ with k = 0,1,..., m and 
Jy^^^s'"'"^ (log s~^)"^ds is shown to be constructed by a linear combination of 
|x|°"'"^(log Ixl)'^' with k = 0,1,..., m. Then on behalf of (16.140 we can prove the 
existence of 7. Thus /i = IJi(A,yri) ^ and = Jl. 

(a) (a = 1) 

Suppose that Jl G and fi = H{A,u,-f) e ©(^T*"*"^). First assume that Jl 

is Gaussian. Then for given if G (see the beginning of Proof of Theorem 4.7 for 
its definition), 

s~\logs-^rds [ ^{s-\)u{dx), 



which implies = s ^(logs ^)"^ J^^ip^s ^x)h'{dx). Since by the dominated conver- 
gence theorem s~'^{logs~^)"^ J^j,ip{s~^x)i'{dx) is continuous in s, letting s = 1/2, we 
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have u = 0. This together with 7 = (which follows from Proposition 4.3) implies 
7 = 0. Hence Jl is centered Gaussian. If Jl is non-Gaussian, then Lemma [6.61 assures 
the existence of a measure u such that satisfies fl6.10p and (16.111) with a = 1, and the 
combination of 7 = — J^^ -^^^{dx) and (16. 9p implies (16.121) . 

We prove the converse part. If Jl is centered Gaussian, then Jl e $™"^^(S)(<I>J^"*"^)) 
by Theorem 14.61 If Jl is non-Gaussian and satisfies (I6.10p and (16. lip , then Lemma 
16.61 yields the existence of a measure u satisfying (16.80 and (I6.14p with a = 1. Let 
7 = — J^^ -q|^z/((ix), A = A and /i = fi(A,u,'y)- It follows from (16.121) that 

lim / e*^(t)dt / ^-^ — n^i'idx) exists in M . 

Then Proposition 2.6 (ii) of Sato (2006a) assures fi G D($™"'"^). Furthermore (I6.12p 
implies 

Thus looking at ([61]), we confirm that $™+^(/i) = Jl and Jl e $'i"+^(S)($7^+^)). 
(iii) (0 < a < 2) 

Assume that Jl = $™+^(/i) with some /i = fi{A,u,-y) ^ 2)($™^"'^)- The Gaussian case is 
the same as that of Proof for (ii). If Jl is non-Gaussian, then it follows from Lemma 
16.61 that there exists u satisfying (16.101) and (16.111) . Since /i G 2)($™~''^), u and 7 
satisfy Jj^|^-^ |x|"(log |x|)"V((ix) < 00 and 7 = — J^^a il^\l\i ^{dx), respectively. We 
show the existence of 7, we have 

{ml)-' r f-^{logt-'rdt [ j^j' u{dx) 

Jo jRd J- + t \X\ 

< (m!)"^ [ t^""{\ogrTdt [ \xfu{dx) 

Jo -''|a;|<l 

+ (m!)"M \x\^iy{dx) t^~''i\ogr')"'dt 

J\x\>l Jo 

+ {m\)~' [ \x\u{dx) [ r°(iogr^)'^rft 

J\x\>l "'l/l^l 

Here by the integral by parts formula, /q^^'^' t^~"(logt~^)'"(it is shown to be a linear 
combination of |x|"~'^(log \x\)'' with /c = 0, 1, . . . , m and Jy^^^ t~°'(\ogt~')'^dt is shown 
to be a linear combination of |x|"~^(log |x|)'^ with A; = 0, 1, . . . , m. Then form (I6.14p 
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7 exists and equals to 



X 


X 


2 


1 + 1 


X 


2 



7 = -/ <„wdty^^^^^^-^.w 

u{dx), 

jRd ± -|- p-f 

which is f l6.13p . 

We consider the converse. If Jl is centered Gaussian with its component A. Then 
by putting A = {2-a)"'+^A, we have f^(A,o,o) G ^{^a^^) and Jl = Suppose 
Jl be non-Gaussian and satisfy condition of (iii). On behalf of Lemma [6.61 we have a 
measure u satisfying (16.81) and (16.141) . We investigate the absolute moment of u and 
see that 
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1 + 
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2 



oo 







1 /■ Ul3 



ml Jq Judl + s^lxl^ 

Then as we have seen in the preceding paragraph, 

u{dx) < oo. 

Thus Jjjd \x\Jl{dx) < oo, and hence J^axjl{dx) = 0. Let 7 = — J^^ ^l^'^idx) and 
A = (2 — a;)'""^^A. Then on behalf of (16.81) . Theorem 16.11 (v) is satisfied. Thus 

/i = /x(^,.,,)GD($r')- □ 
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